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LECTURE I

TODAY

· WHAT IS StansMCSt
↑

· STATISTICAL MODEL

· SAMPLE

· Assumptions

· FINITE SAMPLE VIS AssYMPrOnC

· OURLINE OF 6 LECNRES .



WHAT IS stristics
&

· STATISTICS MAT .

It's A DISCIPLINEMMAT USES MATH

TO BUILD MODELS OF REALIM .

AND DRAW CONCLUSIONS BASED

ON EXPERIENCE.

· MAIN ASSUMPTION : SOME

PMENOMENOM OF INTERT ITS

GENEREITED BY SOME

PROBABILIM LAW. -> So

EX0 : TMROWING WETOMED COINS:
-

fr I 9 HEADS
= 1 WITH PROB Po

TAILS = 0 WITH PROB 1-P

PoE(0 , 1)



WE DON'T Now fo ! BUT.

1)WENOW /WE ASSUME) Some
STRUCTURE Of fo :

f .F If IS A STRUCTURED SET OF

DISTRIBUTIONS)

↑ IS CALLED A STATISTICAL MODEL

# : TSSING saNS :

fo + Y= 25= 1 WITH prop P1peco,)EO WITH PROB1-p

II) WE HAVE A SAMPLE Of OBSERVATION
OF THE PMENOMENOM OF INTEREST :

*1. . ...X , / DATA POINTS)

GIVEN 17 , THESE DATA POINTS ARE THE

REALIZATION OF.I
.d RANDOM VARIABLE
zu

i .i.d.
X
1 ...,Xn V fo THIS CAN BE RELATED!



GOAL : CHARACTERIZE GO FROM

#) toF IStarSTICAL Model)

# X , ,
. . ., XnW fo ISPURLEs)

EX : TOSSING COINS
-

· Estimate Po , e.g.

Po=w

· CONFIDENCE INTERVALS

· HYPOTHESIS TESTING : CAN WE

CONFIDENT SAY THAT PoSE(0 ,
1)

.



STRUCTURE (ASSUMPTIONS)

1) statistical model

a) F = Eff: 3
PARAMERIC STATISTICAL MODEL

POPULATION MATRIBUTE (e .g. HEOMT

Jot F =GJ/u ,02) :M-R , 02 03

F
< ↓ M

· NUMBER OF GOALS IN A SOCCER MATH

fo-F = [Poisson (x) : x& (0,) 3
T

.... ...... .......-
↑



b) NON PARAMETRIC MODELS

↑ is such that dim (F) = +
.

EX : Some POPULATION ATTRIBUTE FOR WHICH
-

WE Mave LITTLE
Intuition,

fo F &ALL DOE E-LIPSCHTE
CONTINUOUS

DISTRIBUTIONS 3

It) SAMPLES .

i .i. d.

· X, , ...,Xnu So

INDEPENDENT AND IDENTICALLY DISTRIBUTED

STANDARD BUT STRONG !

· X
.,

. . .,
XU N fo IDENTICALLY DISTRIBUTED

AND EXCHANGABLE
BISECMVE

FOR ANY,NDEY PERMINATION 0
: (n]-> (2) :

HAS TME SAMEWow, ...,Xocul DISTRIBUMON
IWCREASINOLY POPULAR !

Xn) ~ fo
-VECTOR VALED

· (X , . . . .

, PISTRIBUTION

WEAN BUT NOT VERY VERSATILE !



PAY ATTENTION TO OUR ASSUMPHONS

· ASSUMPRON] DON'T HOLD :

-> MatreMENCAL MODEL DOES NOT REPRESENT

OUR PHENOMENOM OF INTEREST

-> CONCLUSION ARE DEVOIDED FROM

MEANING.

· ASSUMPTION HOLDS APPROXIMAELY

-> THE ABOVE ISSUE IS JUST

APPROXIMATELY PROBLEMANC

· WE NEED Assumptions to DO MATH.

TRADE OFF !



FINITE SAMPLE v/S ASSYMPRONC

· IDEALLY WE WANT FINITE SAMPLE
RESULTS:

-> n < * .

CANT REAL SAMPLE IS FINITE !)

EX : HOEFEDING BOUND : 1F

X1 . ..n fo , OX 1 11 ; TheN

-2nd
VE: /InXo - E(X ,)1>) = e
· WE MIGHT NOT HAVESUFFICENT of STRUCTURE .

·
MMAM CAN BE TOO HARD/Intractable.

· WE CAN STUDY AssYMPrOMCs !

-> n = 0 , n= 0

I NO REAL SAMPLE IS INFINITE)

Ex (NEAE) LAW OF LARGE NUMBERS

n->

* 3 : PlIXw- E(X,)k,2)-> 0

LIFE (MAM) IS EASIER !



OUTLINE FOR NEXT LECTURES

1) WHAT'S Statistics ?

2) STANSMCs & ESRMATORS

3) CONFIDENCE INTERVALS

4) HYPOTHESIS TESTING

5) FINITE SIMPE & ASSTMITOTIC
PARAMETRIC METHODS

6) LINEAR REGRESSION

TOPICS WE ARE NOT INTRODUCING

BUT YOU MIGHT LIKE

· NON PARAMETRIC STATS

· HIGH DIMENSIONAL STATS

· BAYESIAN STANS
· STATISTICAL LEARNING

-

W



LECTURE 2

LAST TIME TODAY
·WHAT IS SAMSCs I

* STAMSMCS & ESTMATORS

· SAMPLE · CONSISTENCY

· STAMSMCAL MODEL · BIAS & VARIANCE
· Assumptions · EFFICIENCY

· FINITE SAMPLE VIS · SUFFICIENCY .

Assinproncs

STATISTICS & ESTIMATOR SAMPLE

T
1) Denote= /X1 . ...Xn)e(id)"as our DATA
# ASSUME OUR SAMPLE IS THE REALIZATION of

# = (X, , . . .,Xn)wfoEIStars
-

· WE CALL STATISTIC OR SAMPLE STATISTIC

TO ANY QUANTI THAT CAN BE COMPUED

As A FUNCTION OF THE SAMPLE

T I*) FOR SOME T : (Rd)*-> RM



· FROM 1) , THE STATISTIC IS A REALIZATION

OF THE RANDOM VECTOR
-

( ALSO CALL MIS A STATISTIC !

· If Our STARSTICal MODEL IS PARAMERIC

↑ = 250 :03, RI

THEN A STATISTIC THAT ESTIMATES THE

PARAMETER O IS CAILED AN ESTIMATOR

OR PARAMEER ESRMATOR, DENOTED .

Ex : X . . . .,Xnfo.F = Efo :Be
#o = E(Xi)

ESTINATORS FOR THE MEAN O ARE

= Xi 1 ST - MOMENT ESTIMATOR

1

- = argmax 2n/0:)
↓ i.i.d.

LIHELIMOOD

Me

deoXi) funcion ]
MAXIMUM LIGELINOUD Estimator



CONSISTENCY
· WE SPY AN ESTIMATORE Of A PARAMETER

ISCONSISTENT If

1n-x

--> O IN PROBABILITY -

= eim PlIE-El(E) = 0

n->x

· CONSISTENCY IS THE "LEAST" THAT WE CAN

EXPECT FROM AN ESTIMATOR!

Ex : 1st MOMENT ESMMATOR FOR MEANN

· i=Xi
i. i.d .

ASSUME

: E(i)=E(Xi) =M THIS IS FINITE

i
.i.d T

iVar (r)=Var(Xi)=Van
n

ii/1-u1 >3) F(l-u12]/a2
ii)=Va= !

OBS : THIS IS A PROOF FOR THE WEAK LAW OF LARGE NUMBERS!



BIAS & VARIANCE

· FOR AN ESTRATOR E Of A PARANEERE
WE DEFINE Its BIAS As

Bias() = EIE) - O

· WEWANT BiAs(E)= 0 ~NBIASED

ESTMANOR

E : 1ST MOMENT ESTRATOR FOR meanM

#(i)=(i)EX
UNBIASED!

Ex : NAIVE ESTRATOR FOR VARIANCE O2
-

=Xi-
->1

#/n) = 11-1) 02
U

BIASED !

E : UNBIASED ESTIMATOR FOR ONE VARIANCES

~O
#( = [7(2)=

ass:



BUT Var(82) = Van ([.])

= Van(

> 1

> Van (r)

· BIAS/VARIANCE TRADE OFF
MEAN SQUARED

·< 110 - - (12 : = E(18 - -(2) ERROR

= ELIE - E(E) + E(E)- -)2]
= E(IE - E(8))2] + (E()- 0)2

(a+b)2
↓ 2Ele-ei-ol]= a+ b2

+ 2ab

= Var/8) + BiAs(8)2
TRADE OFF !



LECTURE 3

LAST TIME TODAY

STAMSICS ,
ESTIMATORS J ESTIMATORS AGAIN

· CONSISTENCY · EFFICENCT

· UNBIASEDNESS · SUFFICIENCY

· BIAS/VARIANCE TRADE OFF
I
· CONFIDENCE INTERVAIS

EFFICIENCY
· WE ANOW UNBlASED ESTIGATORS WITH

ZERO VERIMNCE DON'T EXIST.

· HOW SMALL/GOOD CAN BE THER

VARIANCE r↑

CRAMER RAO LOWER BOUND

· ANY UNBLASED ESTMALOR OF O
.

(UNDER SOME REGULARIN CONDITIONS)
:

van(E)I/OI
" FISHER's
INFORMATION

# (0) =Elog In10*(2
↓

o

TRUE PARAMENTR OF STARSTICAL MODEL F



· WE SAY & Is EFFICIENT OR THAT IS the

MINIMUM VARIANCE UNBIASED ESMMATOR (M.
V.V.

IFF :
- 1

BIAs(E) = 0 AND Van(E) =I(0)

Ex : Eme = argmax In (0 ,*)
①E

S ASSYMPTONCMLT UNBIASED

AND EFFICIENT &UNDER SOME REGULARIM) :
CONDIMONS

n->9

In (EncE - O)-> N10 , 110)")↓

CONVERSENCE ↓ ↓
IN DISTRIBUTION UNBIASED EFFICIENT

-> AS LONG As WE HAVE ENOUGH

SAMPLES WE SMOULD USE THE M.L.E.



SUFFICIENCY

· *= (X, , . . .Xn)vfgY = [50 :03

· IN SPIRIT , A STANSTC T(*) is
SUFFICIENT FOR A PARAMETER O IF

ITS USE INVOLVES NO LOSS OF INFORMAMON

ABOUT 0.

· MATHEMATICALLY ,
THIS TRANSLATES To :

FOR ANYE RANGE/T) :

= IT(E) DISTRIBUTION IS INVARIANT ONGe

Ex : X
, ,

. . .,XnefpeF = Efp : Deco,13,

fo =& withPRO- p

T() = ZXi /HEADS Countr

P(*= (T(*) = t)
=P(=E ,T() = z)
-

# IT(*) =t)
ASSUMING

-> INVARIANT
on po !

OTHERWISE

T() = t==) sufficient !THE PROB

IS ZERO.



MINIMAL SUFFICIENCY

· WE CAN MAVE SuFFICIENT STATISICS

THAT SCORE UN NECESSARY INFORMATION

ABOUT THE PARAMETER O

Ex:+(*)=*-[IT()=]=E

-> SUFFICIENT FOR ANY PARAMETER
E

STORES ALL THE INFORMATION OFME SAMPLE!

· In SPIRIT, A SUFFICIENT
StAtsuc T(E)

FOR A PARAMETER O IS MINIMAL

SUFFICIENT IF IT STORES NO UNNECESSARY

INFORMATION ABOUT E.

· MATHEMATICALLY, THIS TRANSLATES
TO

↓ SuFFICIENT STANSMc F*)

7 A Funcrow S Such that

S(Y(x)) =T(x)
·

LEHMANN-SCHEFFE CRITERION



CONFIDENCE INTERVALS

IW A PARAMERIC STATISTICAL MODEL

= = (X .. . . .,
Xn) ~ for tF,

F = [50 : 005
,

DERM

CONSIDERE For estmarngo , Even if

CONSISTENT, UNBIACED, EFFICIEN, ETC. SMLL

WE DON'T ANOW HOW PRECISE IS OUR ESMMATON

SOLUTION : CONFIDENCE INTERVALS

WITO ADEQUAE STRUCTURE WE CAN FIND

↑2 /*) , Tr(*) .

S .T
.

/

IPITcI*)<@ :Tv(E)) = x(u +)



E : Xe , . . .,Xu got Y ,
where

↑ = EX/m ,or) ;MER ,
03> 03

->
This is not on sparses !

-STUDENT

FACT : D=-M tn- 1
DISTRIBUTON

un

↳ DEGREES OF

FREEDON

-> FOR ANY Y /FO) WE CAN FIND

PER Such MAT

Pl-p( D = p) = 2

->plu-o
um

um

T(*) Tv()

-> with proB. U : MoE[Ti( ) ,Tv(*)]

· U LARGER -- LARGER INTERVAL

·N LARGER - SMALLER INTERVAL !



LECTURE 4

LAST TIME Now

· EFFICIENCY
· HYPOTESIS TESTING

· SUFFICIENCY I C ERRORS CTPEICI)

· CONFIDENCE INTERVALS · LIKELIHOOD RAMO

TEST

TESTING HYPOTHESIS

· MODERN SCIENCE ASSUMPHON (POPPER

HYPOTHESIS CAN NOT BE PROVEN TRUE

BUT JAN BE FALSIABLE : WE CAN REJECT

THEM IF EXPERIENCE DONIT MATCH
IT

· MANY POSSIBLE STATISTICAL APPROACHES
- BAYESIAN

· FREQUENTIST FISHER

· NEYMAN & PEARSON
-

MOST WIDESPREAD AND FAMOUS



NEYMAN & PERSON FREQUENTIST TEST

Ho : NVIL HYPOTESTS /TO BE JESTED)

HA : ALTERNADVE MTPORESIS (Hr NEGARON

TO TEST Ho :

6) COLECT A SAMPLE Y=(x . . . .

.,
fun

->

1) ASSUME A STARSRCAL MODEL F FOR X

WE SHOULD BE EXPRESS HO IN TERMS

Of A SUBSET FoF

2) SELECT A SAMSTITg(*) , FOR ANY feFo
Y

WE ASSUME WE KNOW f WHEN COMPUTNC It.

LARGER VALVES OF TG(*) SHOULD REFLECT

EVIDENCE AGAINST Ho ·

3) SELECT A SIGNIFICANCE LEVEL2 O

4) COMPUTE THE p-VALUE :

p(i) = sup Pj(Tf(*)xTy(*))
Fo ↓ concrete

RANDOM
BEST /ASE OVER HO VARIABLE OBSERVATION

UNDER HO ,
THE PROBABILITY OFT BEING MORE

DELIFTED THAN OUR OBSERVATION

PIE) O
+ OUR OBSERVATION IS DEVIAED UNDER Ho

->HO IS UNLIKELY TO FIT OUR EXPERIENCE

5) REJECT HO IFF PIE) <2 .



E: X , . . . .,XnfoF
-> (n,2)

1) F = EN(m ,+2) ;MER, 0303

Ho : is <CF = &X (n ,
02 :n= 1 , 5303

Ha: > <

2) FORANY fe Fo , with PARAMETERS

IM ,
02) ,

CONSIDER The StSMC

Tf(x)=u)
Assumingof

3) CHOOSE 2 = 0 .05 00 .

4) p(z) =mupPy(Tf(* ) -Tf(*)
feFo--

T5(* ) ! ↓ WE COMPUTE

THIS INTEGRAL-T NUMERICALLY
-x=

8 [f(x) FURu= C

FOR AWY ONER GETO WITH MCC , Tf(E)
IS TRANSLATED TO THE RIGHT IN THE ABOVE PLOT .

-> THE AREA UNDER THE CURVE IS NOT LARGER!

-> THE SUPREMUM IS ATAINED FOR M= Q ·

5) RejectHo IFF plE) a = 0. 05 .



TESTING ERRORS

TYPE I : REJECTING HO WHEN IT IS TRUE

-

IP/TYPEI ERROR) EL
->

"

=
"

If F = 5505
j

i .e. If Ho IS SIMPLE

T(*)
5-=

+
+()4
CRITICAL VALUE.

p(*) <=>Tf(E)> Ca
· BY CONSTRUCTION, TIRE I ERROR IS LOW !

->THE TEST IS "PLAYING FAIR" WITH How

↑YPE I : NOT REJECTNG HO WHEN It IS FALSE

P /TYPE #I ERROR) =: B
II Il

POWER OF TEST : = 1 - B

· B QUARFIES HOW "SEVERE" IS THE TEST WITH HO

B IS NOT SET BY THE SCIENDST

IT IS A PROPERT OF ANYTEST WITH FIXED &
.



LIGELIHOOD RATO REST

consider a statistical model Y

AND A NULL HYPOTHESIS Fo F-

· THE LIKELIHOOD RAMO TEST IS

DEFINED BY ITS STATSMC

T(*) = -ZenS &super
· NEYMAN PEARSON LEMMA

IF F =25o ,
fa3 , Fo = Efo]

(SIMPLE NULL AND SIMPLE ALTERNATIVE)

TMEN , FOR ANY FIXED SIGNIFICANCE G ,

THE LIKELIGOOD RAMO TEST IS THE

MOST POWERFUL TEST WITH SIGNIFICANCE

2.



LECTURE 5

LAST MME TODAY

· TESTING · MORE FESMNG

(NEYMAN-PEARSON - FINITE Sample restI · ASSYMPrONC TESTS
· LIKELI MOOD RAMO EST

FINITE SAMPLE TESTS

· WITH ADEQUATE STRUCTURE ,
WE

KNOW EXACRT THE DISTRIBUTION
OF

THE TEST SAMSMCTI)
*

=> THEN WE CAN EXACTLY COMPUTE

ME P-VALUE OF REST FOR ANY

FINITE

* UP To NUMERICAL ERRORS



EX : ONE SAMPLE TESTING

· X 1 . . ...Xn[feF ,
where

E

Fo = EN /m ,
02) ; MER ,

03 > 03

· Ho: = G , Ha: Ed
~ the , B. C. Ap

· T(*) = (F(*(1 ,
F(x)=

· FOR ANT 2 , C =+n (4/2).

F(*)#
· REJECT IFF TIT)Y C



E : Two SAMPLES NEStnc .

· 1st SAMPLE : X1. . . ., Xn fox#,
2nd Sample :

Y
, , . . .,Yu

d

forFr

(TNO SAMPLES , EACH FROM A DIFFERENT DISTRIBUTION

OF THE SAME SPARSMCAL MODEL .
ASSUME SAME VARIONE)

x=or

· Ho : Mx =My , Ha : My *MY .

·) , where

~ In+m-2 BECAUSE OF FN

POOLED- ( t- tEST)
FOR EQUAL VARIANCES

· FORANY L , Ca = En.. (4/2)

· Reject IffT(,) Co



11

"LARGE SAMPLE TEST
(ASSYMPRONIC RESULT)

· Assume X.. ...,XndfotF ANYMING
-

· WE DON'T KNOW THE DISTRIBUTION Of

AWY STANSMC WE CAN MING OF

· WE CAN CONSIDER THE STATISTIC

Tf(x)=
-u)N(0 , 1)

CONVERGENCE IN

DISTRIBUTION, BY C. L.T.

WHERE u
= E(X,) ,

o =Fa(X,)
f f

·WE NOW THE ASSYMPROTIC DISTRIBUTION

of Tf(*) .

· OTHER DISTRIBUTIONS THAT ARISE FROM

ASSYMORONCS : X2
,
RAMOS OF XO's .



Ex : ONE SPRIPE TESTING OF PROPORTONS.

i.i.d

· X , , . . .,XnWfE Fp , where

#p = Efp : pe( ,1)3 , fp = G!we
· Ho : p = Po , Ha :* Po

· Tf(* ) = (F(* ))
n->0

↑ (*)= No
(5 = i)

· For ANY 2 , (2 = z(4/2)

· REJECT IFF Tf() Ca



Ex : Two SAMPLE proportions .

· X . , . . .,
Xnd fpe Fp

Ye ,
. .

.,
Yu fpeFp

· Ho : Px = PT , Ha : PX# PY

· T,) = /F(*#11 (WADSMST

↑ (*, ) = Yx - Pr - (0 ,
1)

-

-5)/h+ in

· FOR ANT a , (c=z(4)

· REJECT Iff T(,)



(Numerica Methods)



LECTUREG

LAST TIME Now
· NEYMAN-PEARSON LINEAR REGRESSION
TESMNG I MODEL- FINITE SAMPLE · ESTIMATION
· ASSIMPROMCS FURTHER TOPICS

WHAT IS LINEAR REGRESSIONE
y

· DATA

-
LINEAR REGRESSION

&

"PREDICTOR'- "RESPONSE ↑· ↓↳ "INOERCEPT

y = Bo +B,
xi+ E

~

GEOMETRICALLY: "BEST" LINEAR APROXIMATION
-

TO OUR DATA

STATISCALLY
&



STATISTICAL MODEL
-> INDICES

· X'
...,
xvEd [PREDICTOR]

· ye ..... YuE /RESPONSE)

MAIN ASSUMPTION

Yi = Bo++E Vie
i .i .d .
~ N/0 , 02-> THIS CAN BEWHERE E

, ,
. . . , En RELAXED 1

↑

STATISTICAL MODEL COMPACT FORM
d+1

->

L ↑~ Fot F
= 950 :0 = (p,2)-RXRyi

· fo = XB + E

·· X=I I1 xnT
↑
nX(d + 1)
R



PARAMETER ESTIMATION

· WE FOCUS ON THE B PARAMETER . CONSIDER

2

T(X ,y) = angmin EXB-yl
OPMMAL
LEAST

LET h(B) = E11XB
- y11z SQUARES

ESTIMATOR

- h(b) = zXT(Xp -y)
(0. 2 .S)

OPTIMALIT CONDITIONS FOR CONVEY FUCTIONS GIVE

-n(p) = 0 = 5 = (xix)
*

xTy

OBS : XIX IS INVERTIBLE IFF THE COLUMNS of

X ARE LINEARLY INDEPENDENT.

IF THEY AREN'T
,
REPLACE INVERSE WITH

PSEUDOINVERSE . (MARRIX ANALYSIS)

↓
LINEAR ESTIMATOR=(x+x)

+

XTy
w. R. T y !



BEST ~
LEAST SQUARES IS BLUE LINEARV

UN BLASEDV

· E(b) = E((XTX)"x+)
ESMMATOR

↳ SOURCE OF RANDOMNESS

=E((x+x)"x+ (xp + a))

= E((x+x)"(X+X(b)

+ E((x+x)"x+E)
8

LINEARIT
OF EXPECTATION

= E(p) + (xTX)
+xi3)

=

B -> UNBIASED ESTIMATOR

GAUSS MARKOV MHEOREM

ANY ESTMATOR THAT IS A LINEAR

FUNCHON Of y AND IS unBlaSED

HAS LARGER VARIANCE MAN B :

#1555) >((57) = 1g02
um
COVARIANCE
MARIX



SUMMARY

WEMAVE SEEN
· SAMPLES & Statistical MODEL
· STARSNCs & ESNMARS
· CONFIDENCE INTERVALS & TESTING

· LINEAR REGRESSION

MORE OF THIS IN AMS :

· MATHEMATICAL STATISTICS (FOUNDATIONS [FALL]
· STATISTICAL MHEORY I (DISCUSSION) [FALL]
· SUPMISTICAL THEORY I (ASSIMPRONCS) (SPRING]

WHAT WE DIDN'T COVER

· BATESIAN STANSMCS [FALL]
/SPRING

↑ & STATISTICAL LEARNING

↳ 2 STARSTICAL PATTERN RECOGNITION [SPRING]

1 & MACHINE LEARNING I [FALL]

& MALMINE LEARNING It [SPRING]

· Now PARAMETRIC STANSTICS

↳APPLIED STATISTICS AND DAFA ANALYSISI[S]

· HIGH DIMENSIONAL STATISTICS/PROBABILITY

↳ MATHEMATS Of DATA SCIENCE (FALL]

· HIGH DIM. PROB . & APPROXIMATOW [SPRING]


